ON THE SERIES FOR THE PARTITION FUNCTION*

BY
D. H. LEHMER

1. Introduction. In 1917 Hardy and Ramanujant gave the following as-
ymptotic formula for the number (%) of partitions of #,

1 [a%/’] d [eMlk .
1.1 = A nk”z——( ) O(n—11%)
(1.1) P = X ks () + 0y
where

c=m(2/3)12, A= (n—1/24)12  a>0,
and the coefficients 4 :(n) are defined by
Ay(m) =1,  Ag(n) = (— 1)*,  As(n) = 2 cos [r(12n — 1)/18]
and in general

1.2) Ax(n) = X w, petremilk,
®)
where p ranges over those numbers which are less than % and prime to k.
Here w,, are certain 24kth roots of unity which arise in the theory of modular
functions and are defined by (1.4) and (1.5).
Without knowledge of the behavior of 4.(n) for large values of % other
than the obvious fact that

(1.3) Aw(n) = O(k)

Hardy and Ramanujan were unable to decide several questions about (1.1).
For instance, if « is given, (1.1) gives p(n) to within half a unit for all suffi-
ciently large . Just how large » must be was not discovered. Whether (1.1)
would converge if extended to infinity and what is the least number of terms
that need be taken were other questions depending on the magnitude of
A;,(n).

Quite recently Rademacher} has shown that if in (1.1) we replace ¢ by
2 sinh x we obtain an infinite series for p(n) (with a= ) whose convergence
follows easily from (1.3). This striking result enables one to estimate the

* Presented to the Society, March 27, 1937; received by the editors March 11, 1937,
t Proceedings of the London Mathematical Society, (2), vol. 17, pp. 75-115.
1 Proceedings of the London Mathematical Society, (2), vol. 43, pp. 241-254.
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difference between p(n) and the first N terms of the series of Hardy and
Ramanujan. This estimate, of course, depends on 4 (%) so that information
about the géneral behavior of 4:(n) for large as well as small values of % is
important in this connection.

Apart from these questions there is the problem of actually using (1.1)
to determine isolated values of p(n) for » large. The task of evaluating 4 x(n)
from its definition is quite formidable when £ is large. Hardy and Ramanujan
gave A i(n) for £ <18 as sums of cosines, while the actual values of 4 () for
k<20 and all » have been tabulated recently.* The apparent intricacy of
A (n) would seem definitely to restrict the usefulness of (1.1).

It would therefore seem desirable to make an intensive study of 4 (). In
a recent paperf we have proved that the series (1.1) would diverge if extended
to infinity. This result was obtained from a simple estimate of 4:(n), where
k is a square of a prime. In this paper we give formulas of 4,(n) as a single
term thus eliminating the necessity of any sort of tables of Ax(#). This result
enables us to give close estimates for 4x(z), and to answer the questions
mentioned above, and makes feasible the application of (1.1) to any number
of terms.

The method employed in the present paper depends in part on showing
that 4(z) may be transformed into “generalized Kloosterman sums.” These
in turn may be evaluated by a slight extension of the results of Salié.} The
results of this paper were first obtained independently of Kloosterman sums.
Considerable space is saved, however, by referring to results already pub-
lished. Section 2 is devoted to multiplication theorems for 4 ;(n) which reduce
the evaluation of 4.(n) to the case in which % is a prime or a power of a
prime.§ In §3 these evaluations are carried out. The final section applies the
results of the preceding sections to the Hardy-Ramanujan and Rade-
macher series.

The quantities w,,, appearing in the definition (1.2) of 4(n) are given by

1.9 o (D) x| - {Fe-n+- (k—%) (2p+ﬁ—p’zs)}ri]

if £ is odd, and by

* Journal of the London Mathematical Society, vol. 11 (1936), pp. 117-118. Erratum: for As0(#)
read Az(n+S5).

t Journal of the London Mathematical Society, vol. 12, pp. 171-176.

1 Mathematische Zeitschrift, vol. 34 (1931), pp. 91-109.

§ This multiplicative property, discovered empirically, could have been anticipated eight years
ago from a result of Estermann: Hamburger Abhandlungen, vol. 7 (1929), p. 91.
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(1.5)  wpum (_Tk) e~ {5 C-ko=p+ (b= ) Cotr—r fxi]

when k is even. Here (a/b) is the symbol of Jacobi and pp=1 (mod k).

If we substitute exp [{1—(a/b) } (xi/2) ] for the symbol (a/d) in (1.4) and
(1.5), we obtain after a few simple reductions the following expressions for
Ai(n):

T

1.6) 4 = Texp [fn(p) E};] (k odd),
Tt

(1.7 ) = Texp [g,.<p> m] (k even),

where p ranges over a complete system of residues prime to £ and where the
functions f and g are given by

(1.8) Julo) =fnlo, B)=— {24np+6k (_Tp)‘+3k(k—3)+(k’—1)(2P+F—p2ﬁ)}‘ ,

—k
(1.9) gn(p)=gnlp, k) =— {24"P+6k (T) —p(k+1)(k+2)— (K- 1) (p*— 1)7’} .
The number 1 —24# plays the dominant role in what follows and is abbrevi-
ated by writing
(1.10) y=1— 24n.

From (1.6) and (1.7) it is seen that f(p) and g(p) need only be determined
modulo 24k. The following fundamental congruences are used many times
in the sequel and are set forth here for reference. If & is odd

(1.11) fn(p) = vp 4+ p (mod & or 3k)*
according as 3 is prime to % or not.
(1.12) Ja(p) = 0 (mod 3)

if & is prime to 3.
(1.13) falo) = 2k (—_;e—”) + & — 3 (mod 8).

If k=2*k, where k, is odd,
(1.14) g+(p) = vp + p (mod k; or 3k1)*

* In these congruences 5 stands for 1/p (mod M) where M is the modulus of the congruence.
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according as %, is prime to 3 or not. If %, is prime to 3

(1.15) g(p) = 0 (mod 3).
For every %,
(1.16) ga(p) = vp + 5 + 2k (—T) + k(k + 3)p (mod 2+%) . *

2. Multiplication theorems. We shall derive three theorems for expressing
Ai(n) as a product of two A’s whose subscripts are coprime integers whose
product is . This enables us to evaluate 4 (#) for all £ when the values of 4,
are known, where ¢ runs over all powers of primes.

THEOREM 1. If %, and k; are odd coprime integers, then
(2' 1) Akl(nl)Ak:(n2) = Aklk,(ﬂa) )

where n3 Ekfﬂz'!‘kzznl— (kf2 'i‘kg,v2 - 1)/24 (mod k1k2).

Remark. In case %; or k. is a multiple of 3, the numerator of the fraction
(k2 +k# —1)/24 is also a multiple of 3 and the fraction becomes of the form
M/8. In any case, then, the quantity »; may be replaced by an integer

modulo Zk,.
Proof. We consider first the product

i
(2.2) Akl(nl)Ak,(nz) = ?l) gexp [{ sznl(Pl, kl) + klf’u(p2’ k?)} 12k1k2],

where p; and p; range over the numbers less than and prime to %, and k%, re-
spectively. For each value of these summation indices we define p; by the
system of congruences

(2.3) ps = p1/ ks (mod £,),

(2.4) pPs = p2/k1 (mod kg).

It is clear that as p; and p, range over their respective values the numbers ps
modulo %k, run over the numbers <k;%, and prime to %%, so that

@.5) Ansiw) = X xp | o bk 12’%]

(ps)

We show that every term of (2.2) is equal to the corresponding term of (2.5),
where the corresponderice is determined by (2.3) and (2.4) and #; is defined
by (2.1). This amounts to showing that

* See footnote on p. 273.
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(2.6) D, = fu,(ps, krks) — {k2fnl(PI, k1) + Eifn,(p2, kz)} = 0 (mod 24k, k,).

In the first place if neither &, nor %, is divisible by 3, then it follows from
(1.12) that

D, = 0 (mod 3).

On the other hand we may suppose from symmetry that %, is divisible by 3
if not both %, and &, are prime to 3. Therefore let 2 =3k, or &, according as 3
does or does not divide &:%.. Our task is then to show that

Dy = 0 (mod 8kk,).
We consider first the modulus ;. By (1.11) we have
D, = v3ps + ps — ka(vip1 + p1) (mod 1),

where

2.7) vs = 1 — 24ns = klvi + kivs.
Hence in view of (2.3) we have

vsps + Bs = kavipy + kopy (mod %),
so that
D, = 0 (mod %,).

If k=k,, the same argument shows that D;=0 (mod k). In case k =3k,
we note that f, (p1, k1) =0 (mod 3) so that

Dy = fa,(ps, k1ks) — kifa,(p2, k2) = vsps + Bs — ki(vep2 + p2) (mod &),
but from (2.7) vs=k2v, (mod k), so that

D1 = Ex(kaps — pa) (y, -2 ! ) (mod ).

1P2P3

By (2.4) the second factor is a multiple of %, while the third factor is a multi-
ple of 3 since »,=1 (mod 3), and k;p203=p7 (mod k) so that ksp;=1 (mod 3).
Hence

D1 =0 (mod kkl).

There remains to show that D, =0 (mod 8). By (1.13) we have

p3

D1_2k1k2(k )+kk2—3

)G

2

- e

(2.8)

>] + 2k1k2 - 3k1 bl 3k2} (mod 8),
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while, by (2.3) and (2.4),
G -GHE)-GHEEIE)
- GED)e s

We now separate two cases according as k; and % are both of the form 4x—1
or not. In the affirmative case we have

- pP3 P1 P2
= — (Y (£, and kiks =1 (mod 4
(klkz) (kl) (kz) and fuky =1 (mod 4,

so that (2.8) becomes

nrfo 1+ (2)+(2)- () () + oot
i (- @)+ rsmromo

In case not both £, and k; are of the form 4x—1 we have from (2.9)

(kf/l) - (_kf 1) <—k: 2)
w1 (52)-(52)+ () ()3

— 4kiks + (ky + 3)(k2 + 3) + 4

= Zk‘k’{l - <—kf l>} {1 B (—k: 2)}

— 4(krky — 1) + (ks + 3)(k2 + 3) = (k1 + 3)(k2 + 3)
= 0 (mod 8),

(2.9)

and

since at least one factor is a multiple of 4.
This completes the proof of Theorem 1.

THEOREM 2. Let k be odd and \ be an integer >1, then
A(m)A(ns) = (— P Api(na),
where
(2.10) ng = king + 22n;, — (B2 — 14 22)/24  (mod 2*k).
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Proof. Since
(= 1) = exp (3-2%kwi/12-2°F),
we have to show that the product
(2.11)  Aum)A(ns) = 20 3 exp [{2a,(o1, B) + kgas(oo, 29 }mi/12- k]

(p1) (p2)
is equal to

(2.12) (= )P Apu(ns) = 2 exp [{ga,(03, 22k) + 3-22k}xi/12-2F].

(r3)
In fact we show that, provided p; is related to p; and p. by means of the system
(2.13) ps = p1/2* (mod %),
(2.14) ps = po/k (mod 2),

then the corresponding terms of (2.11) and (2.12) are equal. To this effect
we consider the difference

Dy = gu,(ps, k) + 3-22k — [2fn (01, k) + Ega,(p2, 2V)]

and prove that it is divisible by 24 -2*%.

Consider first the modulus 3 if  is not divisible by 3. Then by (1.12) and
(1.15) each term of D, is a multiple of 3. Next consider D, modulo % or 3% ac-
cording as 3 is prime to % or not. Referring to (1.11) and (1.14) we find that

D, = V3p3 + p3 — 2)‘(1'1[.)1 + ﬁl) (mod k or Sk).
But v3=1—24n;=22—24.2%9,=22y, (mod % or 3%), so that

Dy = 22(2p5 — p1) <v1 - ) (mod % or 3k).

2%01p3

The second factor is a multiple of £ by (2.13) and, in case 3 divides %, the
third factor is also a multiple of 3. Hence

D = 0 (mod 3k).

We must now show that D,=0 (mod 2**3). Using (1.13) and (1.16) we
have

N
D; = v3ps + 2""’172(

) + 22p; 4 3- 2 kp;s + B3 + 322k
P3

— 1R (:;p_l) — D432

— 2N
- {kvng + 2*+1( ) k 4+ 22kpy + 3-2%kps + kp,} (mod 2M3),
P2
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But since v;=k%,+2% (mod 2**3) we obtain on collecting terms

1
Dy = (kps — p2) (kvz + 22% — ——) + 2%p; — 223k(p2 — p3) + 3-220k
P2p3

-9 4 ml(2)- ()~ ()]

Consider for the moment the Jacobi symbols. We will show that the quantity

(_ 2*k> ( Pl) ( ) = — (= 1)*DeD/4 (mod 4).

We consider separately the cases N even and A odd.
If \ is even, we have by (2.14), p2=ps%k (mod 4), and

EO-GI6) G)-G)-GIE)
5)-G)E)-GHE)

-6 -GIH-G)E)

{C)-COHE) @) -G)G)
= — (= 1)G-DGDI4 (mod 4).

If \ is odd, we have A>2, and p.=psk (mod 8) so that

-G 6)-GIE)
 @e
e (O-GIHE @10

= — (— 1)¢=DGe1/4 (mod 4).

(2.15)

Hence

and
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With this result we return to (2.15). We note first that on account of (2.14) we
have '

(2.16) kps - p2 = 2)‘}1,
so that the factor
1
(kvz + 22 — —
P2p3.

of (2.15) may be considered modulo 8 only. Since »,=1 (mod 8) we find that
by (2.16) the first term of (2.15) is congruent to

psh? 22 (mod 2*3),
Hence the first four terms of (2.15) become congruent to
22 [pg(h? + 1) + 3k(h + 1)] — 3-2kpg(k — 1)
= — 3-2%p3(k — 1) = 3-2p3(k — 1) (mod 2M3),

since the quantity in square brackets is even and 2A\+41=A4-3. Hence we
have
Dy = 2 [3ps(k — 1) — (k — 3) + 2kQ]
= 2303k — 3p3 — k + 3 — 2k-(— 1) =D (e=1/4] (mod 2M3).

But the quantity in brackets is divisible by 8. In fact if both £ and p; are of
the form 4x—1 it becomes

(ps+ Dk — 1) + 4 = 0 (mod 8).
In the opposite case we have
3(k — 1)(ps — 1) = 0 (mod 8).

Hence in both cases D, is divisible by 2*3. This completes the proof of the
theorem.

THEOREM 3. Let k be an odd integer, then

(2.17) Ax(n) = An(dn + (B2 — 1)/8).
Proof. Since
i
(2.18) dum) = Sexp gn 2 7 ]
while

i
(2.19) Ak(”) = % €xp [an(P2, k) m])
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where for brevity we take #, for 4n+ (k*—1)/8, it suffices to show that a cor-
responderice may be set up between p; and p. so that corresponding terms of
(2.18) and (2.19) are equal. We show that the correspondence is simply

(2.20) p1= p2/2 (mod k).
To this effect we define D; by
(2.21) D; = 2fn(P2y k) — g”l(pl’ 2k)

and show that D;=0 (mod 48%).

We first show that D; is divisible by 3%. In case 3 is prime to %, the fact
that D;=0 (mod k) is an immediate consequence of (1.12) and (1.15). In case
3 divides % we use (1.11) and (1.14). In either case

D; = 2vpy + 252 — vipy — p1 (mod % or 3%).
But
(2.22) i=1—24n,=1— 961 — 3(k%2 — 1) = 4(1 — 24n) = 4» (mod 3k).
So that

1
D; = (p2 — 2p1) (ZV - -—) (mod % or 3k).
P1p2

By (2.20) the first factor is divisible by % while in case 3| %, the second factor
contains 3 by (2.20), since »=1 (mod 3). Hence D;=0 (mod 3%).

We must now show that D; is divisible by 16. Using (1.13) and (1.16) in
(2.21) we find

- 2k
kp2)+2k—6—u1p1—4k(

DsE 4k

) — 4p; — 6kpy — p1 (mod 16).

P1

In view of (2.20) and (2.22) we may substitute for p; and », and obtain

Dy = 4{k [( 201 - 2")] , (k= 3)(km + 1)

4

k2p12 -_—

+ 25 s + 2} (mod 16).

Considering the quantity inside the braces modulo 4 and replacing all odd
factors of even numbers by unity we obtain

- 2p1 — 2k
Da = 4{( p ) ( —_ 1)(p,+l)(k+l)l4_|_ 1 — (._._ + 2}
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-2 —2 ~D (=14
A5) -G e e (20 - ()

A5)-G)+E)-G))
A5 -CHED) + () =0

This proves Theorem 3.
Another form of Theorem 3, which exhibits it as a multiplication theorem,

I

) THEOREM 4. If k is odd, then
(2.23) As(m)Ar(ne) = Agi(ns)
where
ny = 4ng + kn, + (k2 — 1)/8 (mod 2k).
This follows easily from the following
LeuMMA 1. If k and n are arbitrary integers
Asi(n) = — Aa(n + k).
Proof. This is an immediate consequence of applying the identity

e2neTil2k = . p—2(ntk)pwil2k

where p is odd, to the definition (1.2) of 4x(%).
To prove Theorem 4 we need only to observe that if we apply Lemma 1
n, times with #=4n,+ (k*—1)/8, we obtain from Theorem 3

2 -

Azk (4”2 + an + 1) = (— 1)":Ak(n2) = Az(ﬂl)Ak(ﬂq).

Another form of Theorem 3 states that if % is odd,

o= (D) (52)

This follows readily from Theorem 4.

Theorems 1, 2, and 4 may be used to express 4.(») in terms of A’s whose
subscripts are powers of primes dividing . This is illustrated in the following
examples.
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Example I. Express A(23) in terms of 45 and A7. By (2.1), #3=23=25n,
+49n,—73/24 (mod 35). This gives two congruences

491, = 0 (mod 5)

and
251, = 3 (mod 7).

Hence #,=0 (mod 5) and #,=6 (mod 7). Therefore
A35(23) = A5(O)A7(6).
Example II. Express A3(17) in terms of 4, 43, and 4s. By Theorem 4

with 2 =15 we have
ny = 17 = 4ny + 157, + 28 (mod 30),
whence
ne = 1 (mod 15),
7 = 1 (mod 2),
so that
A30(17) = A2(1)41:(1).

Applying Theorem 1 to 455(1) as in Example I, we find
A(1) = 45(2)45(2),

whence
A30(17) = Az(l)As(z)As(Z).
Example III. Express A3(13) in terms of 44 and 4,. By Theorem 2,
As(13) = — Ag(n,) As(n2), where 13=81n,+16n,—4, so that

n = 5 (mod 9),

ne = 1 (mod 4)
and we have
A%(13) = - A4(1)A9(5).

3. The evaluation of 4,(z). From the results of the preceding section it
is clear that questions concerning the actual value of 4x(n) or merely the
order of magnitude of 4 :(z) may be reduced to the corresponding questions
about 4,(n), where ¢ is a power of a prime. Three cases present themselves
quite naturally, namely those in which (I) ¢=p=, where p is a prime >3 and
az=1, (II) ¢ is a power of 3, (III) ¢ is a power of 2. In all cases the number
A ,(n) may be expressed in terms of generalized Kloosterman sums of the type
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3 x(s)errsortiva,
)
where x is a quadratic character, and ss=1 (mod ¢).

The problem of evaluating these sums has been solved in case ¢ is a prime
by Salié. In case ¢ is a power of an odd prime the sums may be easily evalu-
ated if use is made of Salié’s discussion (§§2, 3) of the original Kloosterman
sum. In fact the introduction of the character has no influence on the argu-
ment until the very last stage where it results in changing some of the cosines
to sines or vice versa. We give therefore without further comment the follow-
ing lemmas.

LeMMA* 2. Let g=p=, where p is an odd prime. Then if s runs over the num-
bers less than and prime to q, the sum

0 if a is a non-residue of q prime to q,

470
(s) L 1@ DID*g112 cos — if a = 62 (mod q), a prime to g,
Z — ) e2ri(asta)/a = q

&) \q

0 if a is divisible by p and o > 1,
1(@=DID%q112 §f g 45 divisible by p and o = 1.
Lemma 3. If ¢=3%, a>1 and if a=1 (mod 3), then

s L . 0 . 4n0
> 2Tt /a = (-1 ) 21/2 gin —,
3ot 3

® q
where 6?=a (mod q).

To apply these lemmas to the evaluation of 4,(») where ¢ is odd we sepa-
rate two cases.

Case I. ¢=p=, where p is a prime >3. Returning to the definition (1.8)
of f.(o), we have from congruences (1.12) and (1.13)

and

falp) =q¢—3+ 2 (_Tp) (mod 8).

If ¢g=1 (mod 4), ¢g— 3= —2¢(2/q) (mod 8). Hence f.(p) is an even or odd mul-
tiple of 12 according as (2p/¢) = +1, or —1. If (2p/¢q) = +1 we may write

fn(P) = 24!(9) (mOd 24‘1),
while, if (20/¢q) =—1,

* Cf. Salié, loc. cit., equations (54) and (57), p. 102, in case g is a prime. For ¢ a power of a prime
compare (32) and (33), p. 97.
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fa(p) = 24¢(p) + 12¢ (mod 24q),
where, in both cases,
3.1 t = t(p) = fu(p)/24 = (vo + p)/24 (mod g)

by (1.11). Hence for a given p we get a term of (1.6) of the form €**#/¢ or
e?ritlagwi 5o that if g=1 (mod 4),

2
= T (2) o,

)

where ¢ is defined by (3.1).
If g=—1 (mod 4), fa(p) =0 (mod 3) and

fulo) = — 6 (3;_) (mod 8).

Hence, in this case,
2
1u(p) = 281 = 6 () (mod 249),
q

where ¢ is given by (3.1) and the typical term of (1.6) is, in this case,

ezrit/q exp [ —_— (.?f) 2] — e i(&)e%rit/q.
q/ 2 q

So that whether g=+1 or —1 (mod 4), we have

2p

(3.2) Ay(n) = (= §)UWaen/r 37 )e"“/q, where ¢ = (vp + 5)/24 (mod q).

» \¢
In order to apply Lemma 2 to (3.2) we set 24p=s (mod g), so that

E$s+3‘(modq)

(0)-0-G0

With this change in notation (3.2) becomes

and

3 s
Ay (n) = (— 4)We/? (—-—) > —) e?*ietD /e where ¢ = v/24? (mod q).
97 @ \¢q

Applying Lemma, 2, we obtain
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THEOREM 5. If g=p=, p a prime >3, a=1 and v=1—24n, then

(0 if v is non-residue* of q, prime to q,

3 4rm .
2 (—) ¢'? cos if v = (24m)? (mod gq), prime to q,
q q

Ay(n) = .
0iv=0 (mod p) and a« > 1,

(i)quz ifv=0 (mod p) and « = 1.
q

Case II. ¢=38, B=1. First let 8 be even. Then from (1.11) and (1.13) we
have

Ja(p) = 8t(p) (mod 3#+1).

(3.3) t = t(p) = (vp + p)/8 (mod 3+1),
so that exp [f.(p)wi/12q | = e2=ét/3P+,
If B is odd, then

2
fa(p) = 8t — 64 (—") (mod 8- 36+1),
q
Hence in this case
2p .
exp [fa(p)wi/12q] = — z(—) rrit/afH
q
where ¢ is given again by (3.3). Hence in both cases we have
2
3.4 A (n) = (— §)We-vm* (_”
® \q
where p runs over the numbers prime to 3 and less than3 2. Since (o +38) =#(p)

(mod 3+Y), if 7 is replaced by 5—33* we may let p run up to 3#+! in (3.4)
and obtain 34,(»). At the same time we replace p by s/8 (mod 36+1), so that

1 B+1
) e2rit(p) /3 ,

He) = 5 5 + 3 (mod 37
and (20/q) =(s/q). Hence (3.4) becomes

Aq(n) = *(-— i)((q'—l)lz)’z -s_) e2ﬁ(u+7)/a’+l,
o \¢

* This condition should not be confused with (v/g) = —1. We mean that no solution exists of the
congruence =y (mod g).
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where a=v/8% (mod 36+!). Since »=1 (mod 3), we may apply Lemma 3 with
a=f8+1 and obtain the following:

THEOREM 6. Let v=1—24n, then

Agp(n) = (— 1)p+ (”i)i(;;a)uz sin
3/ 3 3o+l

)

where (8m)*=v (mod 38+1).

Case III. ¢=2* In this case we shall evaluate 4,(») directly without
passing to a generalized Kloosterman sum, since the introduction of the ap-
‘propriate quadratic character into Salié’s discussion of the corresponding
Kloosterman sum cannot be accomplished without considerable reconstruc-
tion. The method of proof is similar to that used by Salié and Estermann.

THEOREM 7. If A =0,

AMm) = (= 1)*( .

4rm
) (2M)1/2 sin ’

+3

where m is an integer =vY?/3 (mod 2*+3),

Proof. For brevity define » and v by

A AN+1
= —_— 2 = —_— —
“ [2]+ Y [ 2 ] 2

so that A =#+v. The numbers p which are less than 2* and odd may be repre-
sented by

p =14+ 2¢h

{1= 1,3,5,-+-,2¢— 1,
B=0,1,2,---,2°— 1,
Hence A (n) may be written as a double sum
2v—1

(3.5) AP(m) = 20D exp [ga(r + 2¢B)wi/12-22].

(r) k=0
For h #h; we consider the difference

A= gn(T + 2uh1) - gn(T + Z“hz).

By (1.15), A,=0 (mod 3). Assuming that N>4 so that >3, and 2u=\+3
we find from (1.16) that

(3.6) A, = 2%(hy — k) {v - 12} (mod 2M3).

Since
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3.7 v

it follows that » is a quadratic residue of 23, In view of (3.6), A,=0
(mod 2+*3) for all 7. We proceed to arrange the values of 7 into sets accord-
ing to the highest power of 2 dividing 7% —7».

If 72#7 (mod 2%), 7 will be said to belong to set 1. For such a 7, A,=0
(mod 2++3) for all pairs (ki, k2), but since each 4 <2°, k— h, is never divisible
by 2v, that is, A,#0 (mod 2*+%). This means that those terms of (3.5) for
which 7 belongs to set 1 correspond to g’s of the form

gn(r + 2%h) = ¢, + 3M, 2%+ (mod 24-2),

7 =1 (mod 8),

where M, ; runs with % over the numbers 0, 1, 2, - - - , 2?—1 in some order.
Hence the contribution to (3.5) from any member 7 of set 1 is

I 2 il 2mwih
ex ex =0
P I: 12- 2"] ,§ P 27

Hence we need only consider those 7’s which do not belong to set 1. For such
numbers 7?2=7% (mod 2%). For any %, <2°~! there exists an k;=#,+2°"! such
that (A —hy) =0 (mod 2°~!) and the corresponding difference A, is divisible
by 3.2%.2°-1.24=24.2*. Since the corresponding terms of (3.5) make pre-
cisely the same contribution to 4: (%) we may contract (3.5) to read

3.8) Ap(n) =2 2"i—lexp [ga(r + 2B)wi/12-22],
(r) h=0

where now the outer sum extends over the values of 7 for which
72 = 7 (mod 2%).

If 727 (mod 2%), 7 will be said to belong to set 2. For such a 7, A,=0
(mod 2vH), but A, %0 (mod 2*+3), since now k; — h, is never divisible by 2°-1.
This means that the terms of (3.8) belonging to a fixed number 7 of set 2
contribute nothing to A»(n). We may therefore ignore all 7’s but those for
which 72=7 (mod 2%). Moreover if for any such 7, k=h+2°2? the corre-
sponding A, will be divisible by 3-2%.2°-2.25=24.2* 5o that the corresponding
contributions to (3.8) are identical. Hence

2v—3—1

A} m) = 223 D exp [ga(r + 20h)wi/12-20],

(r) k=0

where now 72=7 (mod 2°). Repeating the argument we may reduce the terms
of the inner sum to a single term corresponding to 2=0 and obtain

3.9) AMn) = Z”E exp [ga(D)mi/12-26],
™)
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where
(3.10) 72 = 7 (mod 2*+%).

At this point we separate two cases according to the parity of A. If \ is
odd, »=v+3, and since 7 is chosen from the odd numbers <2“=2°+3 the
congruence (3.10) has four solutions

r=x7v = (y+2") (mod2°+)
where ¥2=7 (mod 2*+3). If we consider the difference
Dy = ga(y + 27+%) — gu(v),
we find by (1.15) that D, =0 (mod 3), while by (1.16)

1
D, = 2""‘2{1/ - ——}
v(v + 2?)
= 2v+z{,,.yz — 1+ »y27+2} (42 4 27+2y)~1 (mod 2M+3).

Since »y*—1=0 (mod 2°+?) the last factor may be taken modulo 2+3-2v—4 =4,
and is =1 (mod 4) since =0. Hence

D, = 217 (mod 2M+3),
and
ga(y + 27%) = ga(y) + 3¢2*! (mod 24-2%)

where ¢ is an integer =1/3y= —+ (mod 4). Since g(p) = —g(—p) (mod 24-2*),
(3.9) becomes

APn) = 27+ {cos [gu(v)x/12-2] + cos [ga(y)w/12-2* — vx/2]}

= 2vt2 cos% cos [ga(y)x/12-2% — yx/4].
But v+4+2=(QA+1)/2 and cos my/4 =(2/v)(1/2¥2), so that we have
2
(3.11) A}Mn) = (7> (2M2) cos [ga(y)w/12-2> — my/4].

Before proceeding further we take up the case of X even. In this case
#u=v+4. Since 7 <2%=2vH there are 8 values of  which are needed in (3.9).
These are

7=+ (v + j2v*?) (mod 2°+3) (j =0,1, 2, and 3).
Now if
Dy = ga(v + j2°*%) — ga(v),
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then D=0 (mod 3) and

1
pim -1
(v + j2°+%)
= 472220+ = 9yj22* (mod 2M3).
Therefore

gy + 727%%) = gu(y) + H522* (mod 3-2M3),
so that if

F(j) = exp [ealy + j27+?)mi/12- 2] = exp [ga(v)wi/12- 2 ]esvi*=ils,
then F(0) = —F(2) and F(1) =F(3), and (3.9) becomes
Ap(n) = 272 cos [ga(y)x/12- 22 + 3yx/4]
= — (/%) cos [ga()7/12-2* — vx/4].

In view of (3.11) we may combine the results for even and odd by writing
, 2)\
(3.12) A(n) = (— 1+ (—) (222) cos [ga(y)w/12-2* — vyx/4].
v

To evaluate this cosine we refer once more to (1.15) and (1.16) and write
gx(y) =0 (mod 3) and

— N

(M =rm+7-— 6~2*( " ) + 3y2* (mod 24%),

so that if we define the integer m by

m= (vy + ¥)/6 = »1/2/3 (mod 2*3),
we have

cos [ga(v)7/12-2* — yx/4] = cos {4rm _ (— 2")1}

A+3 v 2

( - zx) .
= sin .
v A3

Hence substituting into (3.12) we have

Ag)‘(n) = (_ 1)X+l( S

)
2A+3

) (2*?) sin dam

where m is an integer =»%%/3 (mod 2*+3). But

()-)E)--5)
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so the theorem follows, when A >4.

As a matter of fact the theorem is true when XA =4. This may be verified
by merely consulting the tables of A4 ().

The following corollary, which is a consequence of Theorems 1, 2, 3, and 5,
is especially useful in applying series (1.1). The proof, which involves the
separation of three cases, is left to the reader.

COROLLARY. If k is divisible by the prime p and if A,(n) =0, then A(n) =0.

4. Estimates and remainders. In this section we apply the preceding re-
sults to the discussion of the order of magnitude of 4(») and to the estima-
tion of the errors committed by taking only the first N terms of the Hardy-
Ramanujan and Rademacher series.

THEOREM 8. Let w be the number of distinct odd prime factors of k. Then
| di(n) | < 2¢9k112,
Proof. Let

AN a; ay

E=2pp2 p:“

be the decomposition of k into its prime factors. By §2, there exists a set
(0, 71, ma, - - -, ms) such that

“.1) Ar(n) = Ap(ng)dpe(n) - -+ Apaeu(ny).
By theorem 7

| An(ng) | < 2212,
while by Theorems 5 and 6

| Ape(m) | < 29202,
Hence the theorem follows from (4.1).

Since, for every ¢>0
20 = O(ke),

we have as an immediate consequence
(4.2) Ar(n) = O(kV/%e),
Using this result it is possible to prove the following:

THEOREM 9. Let w be any number greater than 2mw(2/3)12=5.130 - - - , then
for all sufficiently large n, p(n) is the nearest integer to the first [wn'/?/log n]
terms of the Hardy-Ramanujan series.

This theorem is similar to a result of Hardy and Ramanujan* based on
* Loc. cit., pp. 107-108, §6.3.
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A (n) =O0(k) in which w is replaced by 47(2/3)'/2, and may be proved in the
same way. However it is possible to prove somewhat more than (4.2).

THEOREM 10. For every € >0 there exists a K such that for all n and for all
k>K

|Ak(n)‘ < Bl/2+(1+e) log2/loglogh |
Proof. This follows easily from a theorem of Wigert* to the effect that
for every e there exists a K such that if 2> K

T(k) < 2(1+e)logk/1°‘1°‘;,’

where 7(k) is the number of divisors of k, and from the trivial inequality
2000 < 7(k).
In contrast to this theorem we prove:

THEOREM 11. For every €>0 there exist infinitely many values of n and k

for which
| Ax(n) | > .11367k1/2+(-log2/loglogk,

Proof. Let p be a prime >3 and let %, be an integer = —35/24 (mod p).
Then
vp =1 — 24n, = 6% (mod p).

Applying Theorem 5 with ¢ =p and # =#, we find m=(p?—1) /4 (mod p) and

(2> = Dr
p

4.3) ]A,,(n,,)l = 22| cos

= 2pl/2 cos— > 2p1/2 (1 - 1—2)
4 29’

Let p; denote the jth prime =2. By Theorem 1 there exists an # such that
Ai(n) = A42(0)45(0)4s(ns) - - - Ap (7)),

where £=2-3-5-7- - - - . p, and where ¢ will be determined later. Applying
(4.3) we find
A4(0) L x?
| s | > == w2t 2g<1 - 21)12)

0

1 — x2/2(2j — 1)?
140 L
61/2 (1 — x2/2)(1 — #2/18)(1 — x?/162)

> .12044k1/2.2¢| cos (x?/81/?) |

4.4) || > .11367kY2- 2,

* Archiv for Matematik, Astronomi, och Fysik, vol. 3 (1906-1907), no. 18. See also Landau
Handbuch, vol. 1, p. 220.
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As to the factor 2¢, we have by the prime number theorem

log 2¢ = ¢-log 2 = 7(ps) log 2 ~ p. log 2/log p..

But
t
pe~ 2 log pe = log k.

=1
Hence

log 2 log %

log 2¢ i
log log %

Therefore if ¢>0 is given
(1 —¢€log2logk
log log %

log 2¢ >

for all sufficiently large values of ¢ and 4. In other words there are infinitely
many k’s for which

2¢ > k(l-—e)loz?/lozloxk.
From this and (4.4) the theorem follows at once.

In the subsequent discussion however we need an estimate of 4 () for
all values of # and #. The one we shall use is given by the following:

THEOREM 12. For all nand k
(4.5) | Ar(n)| < 285/,

Proof. Let w(k) denote as before the number of odd prime factors of £ and
let P;bethe product of thefirst j odd primes. The number % being given, there
exists a j such that

This means that

(4.6) w(k) =j.

Suppose for the moment that % =105 = P;. Then since P;;1 >k, we have j = 3.
Hence

EZ P;= 3571153

or
J = .96026 logio £ + 1.05914.

Therefore in view of (4.6)
200 < 27 < 2.0836 k290 < 248



1938] THE PARTITION FUNCTION 293

since £ >3. It follows by Theorem 8 that
| Ax(n)| < 2458 for k = 105.

If 15<k<105, then 2¢® <4 <2.(15)¥3 and |4x(n)| <2(15)V3. k12 <2k508,
For 1=k<15, 2¢® <2 so that | Ax(n)| <2 kY2 <2k58, Hence the inequality
(4.5) holds for all k.

It is clear that an infinite number of inequalities similar to (4.5) but with
smaller powers (>1/2) of £ may be established in the same way (for example
| Ax(n)| <3k%4), but only at the expense of larger constant coefficients.

We now consider the remainder of Rademacher’s convergent series for

pn).

h (c\./k
@ P = i S sty = (D),
where

c = wx(2/3)12, A= (n — 1/24)1/2,
Introducing the notation
(4.8) Mo = pin = p = % (24n — 1172,
(4.9) Ak(ﬂ) = Ak*(n)kl/z,

we may write (4.7) in the form

4.10) o) =~ g':A s {(1- f) o+ (14 %) et + Ro(o),

where the remainder Ry(z) may be written after expanding the exponentials
and collecting

4(12)v/2 z”:Ak*( )Z J(u/k)%

4.11 R
(.11) V) = 1,2 M oy

By Theorem 12

(4.12) | A(n) | < 2k,
Therefore if we eliminate » from (4.11) by means of (4.8) we obtain
472312 B)2i
| Re(w)] < 28 5 gy JWBT

9? pani1 i1 (274 1!
41.231/2 0 o % 2;xl/8

< f J(I-'»/- ) =
9 Jy o (ZF+ D!
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Setting u/x =1 and defining r by
r=u/N,

we obtain on eliminating x
41r231/2f © jtzj—7/3
uts Jo (27 4+ 1!
N—2/37r2 0 r21'

312 5 (27 + 3G+ D2+ D!

N—2/31r2 l 0 r2i
R R

3z L3 (2 + 3)!

| Rw(n) | < dt

(4.13)

So that

(4.14) | Ry(n) | <

N—2/3x2 (sinh r 1 1 N-ip
31/ ) + 6 ,_2} n ).

We give a few values of F(r) for typical values of 7.

r F(r) r F(r)
1.0 1.9480 3.5 2.6831
1.5 2.0122 4.0 3.0233
2.0 2.1085 4.5 3.4825
2.5 2.2444 5.0 4.1044
3.0 2.4308 5.5 4.9515

To illustrate the use of (4.14) we give the following examples.

[March

I. Find the maximum error committed by using only 18 terms of
the Rademacher series for $(599). Here we have us=62.777 and r=pu/18
=3.4876. Hence F(r) =2.720 so that | Ris(599)| <.396. Actuallyt R =.00027.

II. Find Rx(721). Here u=68.8746, u/21 =r=3.2797. F(r) =2.596, and

| Ru(721)| <.341. Actuallyt R =.00041.

We now consider the difference dy(n) between the sums of the N first
terms of Rademacher series and that of Hardy and Ramanujan. That is, in

view of (4.10),

1212 X : k
dy(n) = > A¥(n) (1 + —) enlk,
24n — 130 [
Using (4.12) we find

48172 N
| dv(n) | < 8 { f xl/3(1 + ) elzdy + N3 (1 + ____) e‘“/”} .
24n — 1 u

Since e*/*<x/u we find, on writing » =\/N and 24n—1=(6u/7)?%

t Journal of the London Mathematical Society, vol. 11 (1936), pp. 115-116.
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w2 1 (pts g8
(4.15) x| < 50— ‘{7rm+¥}'

This estimate, crude though it is, shows that, for typical calculations of p(%),
dn(n) is sensibly zero.

We are now in a position to answer the question: When is the Hardy-
Ramanujan series applicable? This may be answered in a number of ways of
which the following is an example.

THEOREM 13. If only 2n%/3 terms of the Hardy-Ramanujan series (1.1)
be taken, the resulting sum will differ from p(n) by less than 1/2, provided
n>600.t

Proof. If N =2#'2/3, then

2 r (24n — 1)1

Lo - < 3.847.
N 3nti? 9 nt/?

(4.16) r =

Since #>600, N =3#'2>16, and u>m/6(24n)12>62.832.
| Rw(n) | < F(3.847)16-%/% < .46.
Now since the right member of (4.15) is a decreasing function of u, we obtain
| dn(n)| < .0031.

Hence the sum of the first N terms of the Hardy-Ramanujan series differs
from p(n) by an amount which is less than

| Ru(n)| + | dn(n) | < .46 + .0031 < 1/2

in absolute value.

The factor 2/3 of Theorem 13 may be made smaller by allowing the lower
limit of # to increase. For example if we wish to take only #'/2/2 terms of the
series we may do so provided #>3600. By making a general argument we
may easily prove the following:

THEOREM 14. Let §>1 and let c=n(2/3)Y2=2.565 - - - . Then p(n) is the
nearest integer to the sum of the first n'/2/5 terms of the Hardy-Ramanujan series
provided

271/2¢8 (sinh (c8) 1)3
= { +_} = O(e?e%-11).

n >
c%3 6

t The tables of p(r) for <600 have been published by Gupta, Proceedings of the London
Mathematical Society, (2), vol. 39 (1935), pp. 148-149; vol. 42, pp. 546-549.
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